We show that the space of theta functions on tropical tori is identified with a convex polyhedron. We also show a Riemann-Roch inequality for tropical abelian surfaces by calculating the self-intersection numbers of divisors.
Introduction
Tropical geometry is a geometry over the tropical semifield T = R ∪ {−∞} equipped with the tropical sum "x + y" = max{x, y} and the tropical product "xy" = x + y for x, y ∈ T. Tropical geometry has some analogy with algebraic geometry. The Riemann-Roch theorem for compact tropical curves is an example of the analogy.
The Riemann-Roch theorem on finite graphs was discovered by Baker-Norine [3] in 2007 and extended to tropical curves by Gathmann-Kerber [6] and MikhalkinZharkov [12] The number r(D) is a substitute for the dimension of the complete linear system |D| = P(H 0 (C, O(D))), called the rank of the divisor D. In general, however, r(D) is different from the dimension of |D| as a polyhedral complex.
It is a very interesting problem to generalize the tropical Riemann-Roch theorem to higher dimensions. Cartwright [4] and Kristin [9] showed Noether's formula for tropical surfaces. This can be viewed as a Riemann-Roch theorem for the trivial divisor on a tropical surface.
A main obstacle to higher-dimensional generalization is to define the Euler characteristic χ(X, O(D)): firstly the higher cohomology H i (X, O(D)) with i ≥ 1 is not defined in tropical geometry; secondly the dimension of the space ) is a pure-dimensional polyhedral complex. We study the space of global sections of line bundles over tropical tori and show that it is always pure-dimensional.
Theorem 1 (Theorem 27). Let X = R n /Λ be a tropical torus and let L → X be a tropical line bundle. If H 0 (X, L) = {−∞}, P(H 0 (X, L)) is identified with a compact convex polyhedron; in particular it is pure-dimensional.
In this paper, we also show a Riemann-Roch inequality for tropical abelian surfaces. For a classical abelian surface X, we have K X = 0, c 2 (X) = 0 and h 2 (D) = h 0 (−D) by Serre duality. Thus the Riemann-Roch formula for X is
For a tropical abelian surface X = R 2 /Λ, K X and c 2 (X) vanish according to the definition of Mikhalkin [11] . We define h 0 (D) to be the dimension of the pure-dimensional polyhedron H 0 (X, O(D)). On the other hand, we do not have a definition of h 1 (D); so we ask if the following Riemann-Roch inequality holds:
We show the following theorem in this paper.
Theorem 2 (Corollary 33). Let X be a tropical abelian surface and let D be a divisor on X. If we define h 0 (D) = h 0 (X, O(D)) to be the dimension of the convex polyhedron H 0 (X, O(D)), the inequality (1) holds.
Tropical modules
The tropical semifield T is the set R ∪ {−∞} equipped with the tropical sum "x + y" = max{x, y} and the tropical product "xy" = x + y for x, y ∈ T. The set of invertible elements of T is R. A commutative semigroup V equipped with the unit {−∞} and a scalar product T × V → V is called a tropical module or a T-module if the following conditions are satisfied:
• "(x + y)v" = "xv + yv" for any x, y ∈ T, any v ∈ V ;
• "x(v + w)" = "xv + xw" for any x ∈ T, any v, w ∈ V ;
• "x(yv)" = "(xy)v" for any x, y ∈ T, any v ∈ V ;
• "0 · v" = v for the multiplicative unit 0 ∈ T and any v ∈ V ;
• if "xv" = "yv" for some x, y ∈ T and v ∈ T, then x = y or v = −∞.
By these conditions, we have " − ∞ · v" = −∞. For example, T n is naturally a T-module. Let e i ∈ T n be the element with 0 in the ith coordinate and −∞ in the other coordinates.
Let V , W be tropical modules
Let V be a tropical module. Its projectivization P(V ) is the quotient of V \ {−∞} by the equivalence relation ∼ where
Example 3. Let V n be the tropical module generated by
For any linear combination a 1 f 1 + a 2 f 2 + · · · + a n f n with a i ≥ a j ≥ (the others), a 1 f 1 + a 2 f 2 + · · · + a n f n is the element whose ith coordinate is a j and the other coordinates are a i . For example, if a 1 ≥ a 2 ≥ a k , k = 3, . . . , n, we get Example 4. A function f : R n → T is a tropical polynomial (resp. tropical Laurent polynomial) if f is a constant map to {−∞} or is of the form f (x) = max j∈S {a j + j · x}, where S is a finite subset of (Z ≥0 ) n (resp. Z n ) and a j ∈ R.
A tropical polynomial naturally extends to a function from T n to T. Clearly, a tropical Laurent monomial is a Z-affine linear function, that is, an affine linear function on R n whose slope is in (Z n ) * . The set of tropical polynomials on R n is naturally a tropical module.
Tropical Tori
The goal of this section is to show the theorem 1.
Tropical manifold and line bundles
In this section we introduce some basic notions of tropical geometry and give some examples. References are made to Allermann-Rau [1], Mikhalkin [11] and Mikhalkin-Zharkov [12] .
Example 6. The Euclidean space R n is a tropical manifold.
Example 7.
Fix the standard lattice Z n ⊂ R n . Let Λ ⊂ R n be a lattice, that is, a discrete additive abelian subgroup of R n of rank n. The quotient R n /Λ is called a tropical torus. This is a tropical manifold. • π : π −1 (U i ) → U i is equal to the composition of Ψ i and the projection
We can assume that they have the same trivializing covering
We can see that L 1 and L 2 are isomorphic if and only if there exists an invertible regular function g i :
Definition 13. We take two line bundles L 1 and L 2 as above. The tensor product L 1 ⊗ L 2 is defined as the tropical line bundle on M whose transition function is "ϕ
If U = M then we call s a global regular (resp. rational) section or simply a regular (resp. rational) section. The set Γ(U, L) of regular sections on U of L naturally has the structure of a tropical module.
The tropical Picard group Pic(M ) is the set of isomorphic classes of tropical line bundles on M . The product of structure is given by the tensor product of line bundles. This can be identified with
The tensor product of two regular (resp. rational) sections s 1 of L 1 and s 2 of L 2 can be defined as in the classical case. Then the tensor product
We can define pull-back of line bundles as in the classical case.
Theta functions
The content of this subsection is due to Mikhalkin-Zharkov [12] . Let X = R n /Λ be a tropical torus. The sheaf T * Z is defined by the following exact sequence of sheaves of abelian groups:
where R denote the constant sheaf on X whose stalks are R. Then T * Z ∼ = (Z n ) * . Taking the first sheaf cohomology, we get the Chern class map
We obtain the following proposition by analyzing the coboundary map induced by the long exact sequence.
Proposition 15. The image of c 1 in
* is the set of elements of Λ * ⊗ (Z n ) * which can be naturally extended to symmetric bilinear forms on R n . Here Λ * := Hom Z (Λ, Z). In this section we consider tropical tori, which are not necessarily tropical abelian varieties. We will consider abelian surfaces to calculate the intersection numbers in section 4.
Let X = R/Λ be a tropical torus and let L be a tropical line bundle on X.
Fix this isomorphism. The lattice Λ acts on R
n by the translation. We lift this action to an action on p * L by
By the isomorphism p * L ∼ = R n × R we get a Λ-action on R n × R. This action can be described as
Remark 18. Conversely, when we take a linear function α : R n → R and a symmetric form Q which satisfies Q(Λ) ⊂ (Z n ) * , we can define a tropical line
We denote the line bundle determined by Q and α by L(Q, α).
Moreover, we can easily check that
By the above argument, we can identify a global section of L with a regular function Θ : R n → R satisfying the following quasi-periodicity condition:
The regularity implies that Θ is convex and the quasi-periodicity implies the fact that if b ∈ (Z n ) * is a slope of Θ, then b + Q(λ, ·) is also a slope of Θ for any λ ∈ Λ.
By the above arguments, the tropical module H 0 (X, L) of regular sections of L is identified with the set
An element of this set which is not {−∞} is called a (tropical) theta function.
Remark 19. If Q has a negative eigenvalue, the convexity of theta function is broken and thus such a Θ : R n → R does not exist.
For c ∈ R n , we define the translation ι c :
the pull-back satisfies the following quasi-periodicity
The space of theta function: positive definite case
Let L be a tropical line bundle such that Q = c 1 (L) is positive definite as a symmetric bilinear form. Then Q R : R n → (R n ) * is surjective and thus there exists c ∈ R n satisfying α L = q R (c). Consider the Legendre transform of Θ,
The maximum exists because of the convexity of Θ. The Legendre transform
The Legendre transform Θ satisfies the following quasi-periodicity:
for all a ∈ Z n , λ ∈ Λ. Moreover, the Legendre transformation gives one-to-one correspondence between the set of theta functions and the following set:
We choose a subset B ⊂ (Z n ) * such that the natural map B → (Z n ) * /q(Λ) is a bijection. Then Θ is determined by the values at b ∈ B by the quasiperiodicity. Because of the convexity of the theta function Θ, the inverse Leg-endre transform of Θ is Θ. Thus Θ(x) can be written as follows:
where
Therefore every theta function can be written in the form: 
The composition π • ϕ is the identity map of H 0 (X, L). Thus the map ϕ is injective and we can induce a topology of H 0 (X, L) by identifying it with the subspace
Proof. Recall the set of slopes of a generator
Example 22. Let q R : R 2 → R 2 be the linear map given by and let Λ be the lattice q
* given by q R and a tropical abelian surface (R 2 /Λ, Q). Let us consider the tropical line bundle L on X whose theta functions satisfy the quasi periodicity
for all λ ∈ Λ. We take B = {b ij } i,j∈{0,1} with b ij = t (i, j) and consider the generators of H 0 (X, L)
where ϕ ij (Θ) := ϕ bij (Θ) is defined in Definition 20. Let us consider the set {(0, r, s, t) | r, s, t ∈ R} ∩ ϕ(H 0 (X, L)); this is isomorphic to the tropical projectivization of ϕ(H 0 (X, L)). This region can be written as
We can easily see that the lower bound r min of r is min x∈R 2 {Θ b00 (x)−Θ b01 (x)} = − 1 3 and the upper bound r max of r is max x∈R 2 {Θ b00 (x) − Θ b01 (x)} = 
The minima of Θ b00 (x) − Θ b10 (x) and Θ b01 (x) + r − Θ b10 (x) are attained at the same point x = − 
The upper bound s max (r) is the maximum s satisfying the following two equations:
The minima of Θ b01 (x)+r−Θ b00 (x) and Θ b10 (x)+s−Θ b00 (x) are attained at the same point x = (0, 0) and the minima of Θ b00 (x) − (Θ b01 + r) and Θ b10 (x) + s − (Θ b01 + r) are attained at the same point x = − In a similar way, we get t max = min{0, r, s} + . Therefore the region is
This region can also be written as
This is the convex polyhedron that has 14 vertices as in Figure 1 . Then g is a convex piecewise-linear function with finitely many slopes.
Proof. Let p : D × R n × R → R n × R be the projection and ∆ f be the upper convex hull of graph of f , that is,
Since the set of slopes of f is finite, ∆ f has only finitely many faces. Thus ∆ f is a convex polyhedron and the image of the projection p(∆ f ) is also a convex polyhedron. On the other hand p(∆ f ) is described as
That is, p(∆ f ) is the upper convex hull of the graph of g. Therefore g is a convex piecewise-linear function. Since the upper convex hull p(∆ f ) of g has only finitely many faces, the convex piecewise-linear function g has only finitely many slopes.
Theorem 24. Let L be a tropical line bundle on a tropical abelian variety
is generated by l = |Cok q| elements as a T-module. Moreover, H 0 (X, L) is identified with an l-dimensional convex polyhedron in T l via ϕ and its projectivization is identified with a compact polyhedron in R n .
Proof. The former is already shown. Thus we show the latter. The image
The condition ϕ b max
(by the quasi-periodicity) = min ′ ∈ B \ {b} with only finitely many slopes. Thus ϕ(H 0 (X, L)) is a convex polyhedron. Let Ξ := max b∈B {Θ b (x)} and let Λ ⊂ R n be the lattice q
, which is an overlattice of Λ. We can check that Ξ satisfies the quasi-periodicity
and we get that the set of slopes of Ξ is exactly (Z n ) * . Thus the image ϕ(H 0 (X, L)) contains the origin (0, . . . , 0). Moreover, the image ϕ(H 0 (X, L)) contains l-points (ε, 0, . . . , 0), . . . , (0, . . . , 0, ε) for a sufficient small positive number ε, for example,
.
Remark 25. The convexity of ϕ(H 0 (X, L)) is clear by Proposition 21 and the fact that the set (2) is convex.
Remark 26. Mikhalkin-Zharkov [12, Remark 5.5] states (without proof) that the dimension of H 0 (X, L) is given by the degree of the polarization. A novel observation in this paper is that H 0 (X, L) is a convex polyhedron.
The space of theta function: positive semidefinite case
Next, we consider a line bundle L on a tropical torus X = R n /Λ whose image Q = c 1 (L) is positive semidefinite. Then Ker(q R ) is not necessarily 0 and it is both Λ-rational and Z-rational because of the symmetry of Q ∈ Λ * ⊗ (Z n ) * .
Remember the quasi-periodicity
By the quasi-periodicity of theta functions of L, theta functions are Ker(q)-periodic since α L ∈ Im(q R ). Theta functions are convex and periodic in the direction Ker(q R ), thus they are constant along Ker(q R ), that is,
Thus theta functions descends to functions on R n / Ker(q R ). The space R n / Ker(q R ) contains the two natural lattices Z n /(Ker(q R ) ∩ Z n ) and Λ/ Ker(q) induced by the two lattices of R n . Under the identification
by the symmetry of Q. By the above arguments, the tropical module H 0 (X, L) of regular sections of L is identified with the set
Here
In this situation, we can apply the result of the positive definite case. Let q : Λ/ Ker(q R ) ∩ Λ → Im(q R ) ∩ (Z n ) * be the linear map given by q. Then we can see that H 0 (X, L) is generated by l := |Cok(q)| = |the torsion part of Cok(q)| elements and that
has the structure of a pure l dimensional polyhedron in T l , and its projectivization is a compact polyhedron.
Next, we suppose that
. This is a contradiction. Therefore, α L is not integral even on Ker(q R ) ∩ Z n . By the quasi-periodicity, theta functions must satisfy
Thus theta functions are affine linear on Ker(q R ) with slope α L . Since α L is not integral on Ker(q R ) ∩ Z n , theta functions can not be regular.
Consequently we get the following theorem.
Theorem 27. Let X be a tropical torus and
is generated by l = |the torsion part of Cok(q)| elements as the T-module and
is identified with an l-dimensional convex polyhedron in T l via the natural embedding. and its projectivization is identified with a compact polyhedron in R n .
(
4 Riemann-Roch inequality for tropical abelian varieties
Divisors on 2-dimensional tropical tori
In this subsection, we briefly introduce the notion of divisors. For the details of divisors, we refer the reader to Allermann-Rau [1] or Mikhalkin [11] .
Definition 28. Let Γ be a weighted graph in R 2 whose edges have integral slopes and let w : (edges of Γ) → Z be the weight function of Γ. Fix a vertex P of Γ and let F 1 , . . . , F k be the edges adjacent to P . Let v 1 , . . . , v k ∈ Z 2 be the primitive vectors parallel to F 1 , . . . , F k respectively in the direction outgoing from P . Then Γ is said to be balanced at P if i=1,...,k w(F i )v i = 0 and Γ is said to be balanced if it is balanced at all vertices P of Γ.
Example 29. Let f : R 2 → R be a piecewise-linear function whose slopes lie in (Z 2 ) * and D(f ) be the locus where f is nonlinear on any neighborhood. Then D(f ) is a (non-compact) graph whose edges have integral slopes.
For each edge of D(f ), we can define the multiplicity given by f as follows. For each edge E of D(f ), there exist two connected components V 1 , V 2 of R 2 − D(f ) on which the restriction f | Vi is affine linear and the intersection of the closures of V 1 and V 2 is F . Then the difference of the slopes of f | V1 , f | V2 is in (Z 2 ) * . Thus we can take the lattice length l E of this difference, that is, the maximal positive integer k such that this difference can be divided by k. We define the multiplicity of E as the lattice length l E if f is convex around E, as −l E if f is concave around E. Then D(f ) is not only a weighted integral polyhedral complex, but also a balanced one.
We draw some examples of balanced weighted graph on R 2 given by f 1 = max{x, y, 0}, f 2 = max{2x, y, x+ y, 0} and f 3 = max{3x, 3y, 2x+ y, 0} in Figure  2 , 3 and 4. 
Intersection number of divisors on a 2-dimensional tropical torus
In this section, we consider the self-intersection number of divisors on a 2-dimensional tropical abelian variety. Then we define briefly the intersection number of two divisors on a 2-dimensional tropical torus. Let C 1 and C 2 be two balanced weighted graphs in R 2 . Define S := C 1 ∩ C 2 . By translating C 2 by a vector v ∈ R 2 , we can assume that C 1 and C 2 intersect transversally and any intersection point is not a vertex. Then for every p ∈ S, there exist an edge E 1 of C 1 and an edge E 2 of C 2 such that {p} = E 1 ∩ E 2 . Let w i be the weight of E i and v i be a primitive vector parallel to E i . Now we define the intersection multiplicity at p as mult(p) := w 1 w 2 |det(v 1 , v 2 )| and the intersection number |C 1 .C 2 | of C 1 and C 2 as |C 1 .C 2 | := p∈S mult(p) if S is finite.
Let X be a 2-dimensional tropical torus and D 1 , D 2 be two divisors of X. Since X is locally looks like R 2 , the intersection number of D 1 and D 2 can be defined in the same way as above. For the details, we refer the reader to Allermann-Rau [1] and Mikhalkin [11] .
Self-intersection number of divisors
Theorem 32. For any divisor D on a tropical abelian variety X = R 2 /Λ, the self-intersection number of D is equal to 2 det Q ·vol(R 2 /Λ). Here Q = c 1 (O(D)) and det Q is the determinant of the matrix representation of Q R ∈ (R 2 ) * ⊗ (R 2 ) * associated to the standard basis of R
2
Proof. First, we assume that the Q is positive definite and principal. In this situation, a theta function of O(D) is of the form;
be the matrix representation of Q associated to the standard basis. Consider the family of positive definite symmetric forms
where E 2 is the identity matrix of size 2 and consider the family of lattices
. Now we define the family of theta functions
and consider the map f :
We can see that f is continuous and thus constant.
For Q = E 2 , a theta function is of the form:
Its divisor is the parallel translates of (Z × R) ∪ (R × Z) whose weights are all 1. Thus the self-intersection number is 2. On the other hand, we have det Special thanks go to Yuji Odaka for his helpful advice. In particular, he suggested to study the Riemann-Roch inequality for surfaces with trivial canonical class.
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